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RESUME

Nous presentons iei les relsultats d'une etude portant sur les performances economiq ues
d‘une societe de transports publics urbains. Des mesures d'efficacite productive et
cl‘ adéquation de l’offre a la demande (ou eftecti vita] sent caiculées rnensuel1ement.Nous
observons une tendance claire a Parnelioration ties performances techniques conjuguee
at des resultats moins favorables en ce qui concerne Feffectivite.

SUMMARY

We present results from a study on the economic performances of a public mass transit
firm. Measures of productive efficiency as well as of adequacy between supply and
demand (effectiveness) are computed monthly. We observe a clear positive trend fer
technical performances but less favorable results in terms ofeffectiveness.

ZUS .1‘-.l‘vli'vlE.i‘~l'F.-’\.S5l.|l‘~'G

in diesem Artil-tel priisentieren wit‘ die Ergebnisse einer Studie tiber die iiltonomischen
Leistungen cines Unternebmens fiir iiffentlichen Transport in Stiidten. Masse liir die
Produlttionseffiziene sowie die Angemessenheit :-twischen Angeoot uncl Nachtrage
[Effel-Givitatj werden fiir je-den Monat bereehnet. Wir stellen cine deutliche positive
Entwicklung der tcchnischen l_.eistungen.jedoch weniger gute Ergebnisse beaiigtich der
Effel-ttivitat fest.
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"ti-itittifii A non-parametric Free Disposal Hull (FDH) approach to
technical efficiency: an illustration of radial and graph
efficiency measures and some sensitivity results

BRUNO DE BURGER. KRISTIAAN K.ERSTENS. ‘NIH TVTOESEN £t|'tCl IACQLJES "\t'.-1.l"il‘~lE5TEl'

L‘lTRODLTCTIOH

Ft variety of different approaches to the measurement of technical efficiency coexist in
the literature‘. tvlethodologicatly. they are categorized according to at least two criteria.
First. one distinguishes between stochastic and deterministic methods. Whereas the
former malte explicit msumptjons with respect to the stochastic nature of the data. the
latter do not. A second classification differentiates between parametric and non-parame-
tric methods. in the parametric approach it is assumed that the boundary of the production
possibility set can be represented by a particular functional form with constant parame-
ters. Thc non-parametric approach on the contrary concentrates on the regularity assump-
tions of the production possibility set itself. Imposing some plausible resu-ictions on the
production process the latter methods directly construct a piecewise linear reference
technology or best practice frontier on the basis of observed input-output combinations.

Recently, Derattvs, Stivtaa and Tucsatvs (1984) and ’1‘ut.ttrsr~t.s {_19ttt5. I993) sugge-
sted tbe Free Disposal I-lull (FDH) as a new deterministic and non-parametric reference
technology for the evaluation of productive efficiency. Compared to other existing
methods the F-TJH requires minimal assumptions with respect to the production techno-
logy. For eitarnpie. it does not require convexity - in contrast to the popular Data
Envelopment Analysis (DEA) modelsl. As there is no generally accepted model of
governmental behavior. the minimal technical and behavioral assutrtptions underlying
the FDH make it ti particularly useful tool for analyzing public sector efficiency
questions. Not surprisingly. since its introduction a number of empirical studies have
appeared in which the approach is applied to evaluate the technical efficiency ofa number
ofpublic service providers as well as a few private enterprises {for a review. see PESTIE.-‘til

' For all correspondence. contact the first anchor: University of Antwerp. UFSIA-SESU. Prinssnaat t3.
B-2000 Anawerpen. Belgium .1'ttl'tliaunns of the other autrtors: K.U. Leuven and UFSIA: and LJFSI.-it
and KUl_..¢i.I-ti respectively. The authors thank J. Coupes for his superb prograrruning assist.ar.ce and
l- .l.-at-l5:_1EHS, D- or GR.-1-.E\-‘E. the editor of this journal and two referees for their comments on ar. earlier
version. The authors are nesponsible for any remaining errors.

I . For surveys of these approaches see. e.g.. Fansoato. Lovstt. and Set-t.-ittzir t_ 19550]. 5ctt.-t|o'r |_ is-ssi. and
Ti-ttttv and 'l‘et_ttat~'s t1939l- _ _ __

1. See Fties. t'.ittossttot-'t-'. and Loveu. (V935) and Setrot-to and Tutt.-.t_|. t l99U} for a review.
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and TULKENS [1996] and TULKEN5 H9931}. Both the theoretical and empirical work
have clarified the main advantages and disadvantages of the FDH reference technology.

This paper elaborates upon DE Bottoett et al. [l99?;) and serves three purposes. First,
using information on 5 89 local authorities we apply the FDI-I production technology to
evaluate the technical efficiency of the provision of municipal services in Belgium.
Second, we use this data set to illustrate in a systematic way the strengths and weal-messes
of the FDH. Specifically, we assess the sensitivity of the efficiency results with respect
to the number of input and output dimensions and with respect to sample size. and we
consider the impact of die existence of outliers on efficiency scores. Third. contrary to
common practice in non-parametric efficiency analyses, we argue in favour of graph
efficiency measurement This contrasts with the coramon use of radial input or output
efficiency measures. as proposed in F.-ttttt£1.L if 195?]. Almost all existing empirical
studies confine the attention to measuring either input or output efficiency (see. e.g.,
TULtt.E.NS [i993], Fiilt.E. Gaossaoar and Looaiv [l9tl5]]t. In this paper, however, we do
not restrict the analysis to separate input and output indices but also calculate two graph
efficiency measures that tal-te account of all dimensions simultaneously.

The paper unfolds as follows. The first section deals with methodological issues- We
review the FDH reference technology for measuring technical efficiency. and we
systematically discuss its advantages and shortcomings. We then review the different
input, output and graph efficiency measures that are used in the empirical an alysis. In
Section 2 we apply the suggested methodology to study the efficiency of local public
service provision by Belgian municipalities. The sensitivity of the results with respect
to sample sire, the eitistence of outliers and the number of dimensions is illustrated in
Section 3. Some further reflections and a conclusion are provided in Section 4.

1. THE FREE DISPOSAL HULL APPROACH TU PRCIDUUITVE E1i'.F'ICIEl*i'CY

A production unit is technically efficient if it produces the ma:-timum output which is
technically feasible for given inputs, or uses minimal inputs for the production of a given
level of output- In other words, technical or productive efficiency of a production unit is
defined in terrns of the ability ofthe unit to produce on the boundary of its production .
set3. Consequently, any methodology for evaluating technical efficiency requires the
complete specification of the production possibility set as well as some concept of
distance to relate the observed input-output combinations to the boundary of the specified
set‘. We therefore first characterize the FDH reference technolog by specifying its
assumptions regarding the production set. and then present various efficiency measures
which relate observations to the boundary of the FDH. The third subsection deals widi

3. .-ti complete characterization of types of cfficicncy is found in Fans. C-noss1toi=t= and Lovaci. tl935).
4. Recently 'l‘Lri_t-trots and vicvnav EE1Ii't.-'tt."l‘{1‘§'§'3lIl‘ElEl.tt‘.Itt=:.l the tlfifltd forthe representation of tit: boundary of the

pro-duction possibility set by defining tecl-iiiical efticicncy solely i_n terms of p-ai.i-wise dominance relations.

i_.  I __..____ ——“_ .._____ _,_.- "l| Z—‘— — 

"- .-.' =:
Qa-

.-T
.‘\-_'

_-\'1."iq-

j .

"i

I-I-i-i__.H__

=_--.--—._

_ . . . _. - . .-i --_ _ _ .. . _ . -- _,__.___,,_ _.,.. ,_ .. __ . . ---P - ,_..7,_._ - _;-_--.-.. . .--I - . -.-_ _. .. _ . . . I - - _ __ -- ‘___. , ._ _ __._ _ _ I _ , . .

a so N-PA_lt.A_I'vtETll.lC Face oisrosai. nttt.1.tFoHi e-PPRBACPI 549

the computation of efficiency measures on the FDI-I. We conclude this section With H
review of die advantages arid shortcomings of the FDH production te¢hI10l°£i’-

3.! The FDH reference technology

L.-_-,i y = y(y],y1,...,yn} be the n non-negative outputs produced bl’ "Sills ‘til-l'l‘3'l~{5 _¢Pmb"
nations of the m non-negative inputs it = lt(1i-l‘li~---»-‘iin)- The Pmducuon P‘3'551b1l1tl" 55*-
‘r' is the set of all input and output combinations which are technically feasible:

Y: { [.r,_y] lxe lRT.yE R1. (my) isfeosoble} {1}

ti is convenient to model the production technology by an input correspondence
v —i- Lfyl Q Hi. For any output vector y, the level setL(y) denotes the subsetofall input
vectors it which yield at least the output vector yi. I I _ _ _

Different production technologies are defined by imposing various restrictions on
Lfy}. The non-pararrietric approaches typically tI11Pt2t5B_ ‘-‘bl’? Wf-‘-all i155‘-"l1F"~“3'“§- A1“
though they vary widely, they are generally less resn-ictive than those used in the
psira_met1-ic approaches“. lvloreover, it is fair to say that the FDH reference technology
imposes one of the mildest assumptions among the determinisnc, non-paratnettlfl filter-
natives. Specifically, the following axioms define the Free Disposal I-Iullf:

cettyifei-yao.a»ietioi=Rt tat)

-t-oniy||_v'|| -—lt +=-== t1.5'f—+ +~=-. Iftett icy I-LY‘) it rt-mot (2 2]
l=l '

l_',f.t: E Lfyl and Jr’ 2.1:, thorn." E l-1}‘) ii-3}

Lfy] is it closed correspondence (3-‘ll

ifs’ E" }'- than Lo’) c I-ti) (2.5)

5. See Flute. Gaossitotrr. and LC|‘v"El.1.fl'Ei'E5) and Vii:-it-in tl934)- _ _ _ f
:5. Gttossitoa-F rj l '.-idol and Setrono and Ti-troitt {I999} review the dctcrmi nisac. noii-patamcmo ts credit!

technologies. _ _ _ . .
‘it See e g lIJEPt=ttt~ts Sttvtritt. and Tourists (198-4). Note that the nonon of a ficc disposal hull originally_ mm-rréd--In ma PHQPEHT my 51;;-qng free disposal and not to any particular reference technology isec

lvlt: F.-=.ooi=_i~t [1".¥.l"iltllJ.

1 Ir-I I I __ L I I. _- I . __ _ _ _ _ _- _ , - _. I‘ _- §_ _. __ 3-‘. _- I. I I: I I-"U. 1".‘--__ ___.‘ {-1-_-I I. f ::__-H -_r ‘I-I_:__‘-I. _ _ _ _ _ __-___ ._-._ 1-I-.1.d:-g-'_,'I-.F. _.. | H_‘_‘ __ . , ,__ I 1- . . i-
.__ .- -'- - . _' Q - _ ' ._. . _ _ .,.,.,__, _,,,_s,_.-|._-.'.| ..i|--,- ,=--;-_ -- i. ._ -- n-- . . - -- -- ' ' ':3 __ ___._l_:___-____, I __ I. ‘,1. - _ ,_ _.. ,. ,1 , _.__. , ;n..|-,1 1-, - r .i- _ ."' __ I _ ' .
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The intuition h' ' ~ ' - .- -I _ I be ind each of these aiticms is straightforward. .i-'55..‘-tI.lI-Zl[l"t 1 states that a
semipositive output cannot be obtained from a null input vector - thus e:-tcludlng free
production - and that any non negative input results at least in a zero output The second
at-tlom implies that finite inputs cannot produce infinite outputs. slalom 3. ltnowi-i a5
strong tree dispcsability of inputs or positive mcnotcnlcity. guarantees that an increase
in inputs cannot result in a decrease in outputs. In aitioni =1 it is stated that ifagg uflnci:
of input vectors can each produce y and iE|{]]f1'|i1'E;1"iJ|gg 1,3, if mg“ 11- can film prmiiucc ,r
Closedness is an aiticrn postulated for mathen-iatical convenience which caiinct
contradicted ‘ ' - ' s - . . ..H ‘by any empirical observation ..-1‘-.:-tiom 5, ltncwn as strong free disposabtlity
ct outputs. implies that any reduction in fillllllll‘-i tfimflins producible with the same
i"“‘3"“"lf*f1"Puts. This assumption allows for variable returns to scale.

The FD ' i ' ‘ . " - - -I-l is now e.-isilv detincd as a piecewise linear reterence technclcgy,eoriei1-i_1i;.
ted on the ‘basis ofobserved itlllll-llI"3'l.I![;il.lt combinations. that satisfies the aocve at-titji1'|"ig_
lhe Flfll-I input correspondence is specified as;

Lo1“"”= i -tlts R1".r»*tav..=:".-irs.v.r..s=resin. ll} oi
where Iv" t ' ' ' - .I is he i'~..l<l'l matriit of observed outputs. lvl is the lo-rm matriit ofobserved inputs,
sis a lotl vector cfaeuvity orintensity variables andlglsalctl veetorofcnes Coneieiani
with tl't ti - ' ' ' '. - i .__ E1 *3 “tint?-lllfi T¢ll11'1'1-1"» to allele. the activity vector is reso-icted to sum to unity.
3:-ince the activiry vector contains either zeros or ones linear combinations of several
observations are eitcluded- Clearly. the aiticms did not impose ccnveitity on the technology

We ha i‘ ‘ v ' - i “Yve ocusetl so tar on the FDI-I input correspondence Ltyji, tjheiaugip, [hug
gtshnoqqgy can equivalently be characterized using the output or the graph cam-5;,.;m_
ence. t " -- . 1f cuput correspondence is thesubset or all output vectors y which are oiiiainad
rcm the input vector it. Based on similar a:ticrtis. the E-‘DH output correspondence is

viven by:-D

Pl~ilf””= l sir-E 11-l’~t.t't’v'e:v.:’v"vIsvt.t'i..t= i.r.-etc. ill tail

flfifllllr. the Fljll-l graph correspondence is defined with respect to either the input or the
output correspondence:

GllfDH= ll-Y-J»'l' =' IE I-f_vlFf"”. .1: e IRE’. v e RE }
= [f.r.yllye Pt’.r]ff"”..re R1‘, _y E R1] {5}

l- F‘l‘l“"“t=l"‘t-'P'=ls“s"~i== Fis_s_i_-'?=__s_si_t_satt=as_t~iie_tti_sss,a.ah. ____________________; __ _ .
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To develop some intuition for the graphical representation of the FDH reference
technology, notice that, reflecting free dis posal, each observed input-cutput combinaticn
adds one orthant. positive in the inputs and negative in the outputs. to the production set.
The FDH reference technology is then the boundary to the union cfall such orthants. Its
graph section as well as its input iscquants. illustrated respectively in Figures l and 2.
typically have a staircase form. To cla.ri fy the above definitions of the correspondences.
observe that for an efficient or frontier observation the corresponding component of a
equals one and the restrictions in {3} and {4} hold with equality. For an inefficient
observation in an orthant spanned by a boundary observaiion_i, the j-th component ofa
equals one and the inequalities hold, as die dominated observation uses more inputs to
produce less outputs than the boundary observationj.

Gthervvise fcmiulated, the construction of the FDH boundary closely follows the
definition of technical efficiency in that it is solely based on wealt vector dominance
reasoning. rl-in observation is declared inefficient if it is possible to find at least one other
observation which contains the sairie or more outputs butstrictly less ofat leastcne input,
or which uses the same or less inputs to produce strictly more of at least one output.
lnput~output combinations which are undominated are declared efficient. However.
efficient observations that never dominate other observations have been aptly called
‘efficient by det'ault’9. Due to the partial ordering implied in the weal-t vector dominance
reasoning, one is unable to malte precise statements concerning their technical efficiency.
Nev'ertheless, it is useful to distinguish thern from efiicientobservations iliatdo dominate
others. These concepts are illustrated in Figure 2. Clbservation a is dominated by
observations 3 and 4, but dominates observation b. Observations l,5.d and T are efficient
by default. Finally. the effect of not imposing conveitity is easily indicated. Cl-bservation
5 is efficient although, had conveitity been imposed. it would have been inefficient
relative to the linear combination of observations 4 and 6.

i'..2. .-lrfeesttres ofrechnfccl e_ifi‘iei'eiiey: Definitions

Once the boundary of the reference technology has been determined, technical efficiency
is measured as the distance between an observed production unit and the postulated
boundary. ln the non-parametric approach attention is often restricted to the measure-
rnent of either input or output efficiency. Furthermore. it is common to restrict the
attention to radial or Farrell measuresm. For case of cortiparison we sticlc to the tracition
of radial measurement. However, we do not limit the analysis to input and output
efficiency, but also calculate graph technical efficiency measures.

ii. See venous: Esci-oi-.trr. Ti:i.iti-sivs, and l»uvi.~=.i=i {i993}.
ll]. Hole, however, that due tc die F!'ZI!'|.~rI.?lZ|-El‘-i'|'.‘.E2'i natttre of die FDH, radial efficiency measures leave a lot of

slaelcs. Utie could deem fore easiiy argue in t'avou.rof non-radial efficiency measures: see F'.t,lssEt.i_ I 19535
' "" — for an overview." ' ' ' '
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This interest in graph technical efficiency measurement cati be justified on several
ace ou nts. First, as the produeticn possibility set is a primitive choice set of technological
options. we object in general to imposing restrictive asstuiiptions on the choice of an
orientation of measurement without checlting the specific behavioural assumptions.
lviost of the empirical literature focuses on radial efficiency measurement in either the
inputs or the outputs. depending on whether the inputs or the outputs are the decision
variables under the control of the production unitl1.I-'or eitample. if it can be assumed
that for the public sector cost minimisation is a more lil-rely behavioural postulate than
output maitimiaation or any other objective. then restricting attention to input efficiency
is considered legitimate. One may wonder whether in practice so few organisations have
control over both their inputs and outputs. We argue instead that graph measurement is
the adequate basic orientation. unless one has strong reasons. c.g. based oti theoretical
assumptions a.ncl statistical tests. to limit the attention to input or output efficiency
measures. This is especially the ease when there is ignorance or uncertainty on the issue
of control over inputs and outputs. i.e. on organisational goals. Second, if the purpose
of the analysis is to ranlt the production units according to technical efficiency, then a
priori some overall measure may prove more informative than a detailed two part analysis
of input and output efficiency. Restricting the measurement of technical efficiency to either
the input or the output dimensions yields only a partial view on p-erforutanee.

The various efficiency measures used in this paper are easily defined. The Farrell
input measure oftechnieal efficiency is given by:

F5[.r,y}=rnin {?tl.Tt33ll,Il..trE Lilith} {ii}

This efficiency measure determines the If1flJtlI‘l'lLlI'l’l equiproportionate reduction in all
inputs which still allows production of the given outputs. it varies between zero and one,
wid'i unity representing efficient production. analogously. the Farrell output measure is
defined as:

F-s'l-*IvJ>’l'="ll-t5'~»l~‘ll-l-ll-13-‘1l~l~l.‘FE PE-ill tin

It is no smaller than unity and detemiines the mattimal proportional eitpatision in all
outputs while still using the sarne input. Observe that in the empirical section we report
its inverse. which is smaller than unity. to facilitate the comparison“.

ll. See Fans. Geossitoer and Lovatt {lass}. p. lo.
ll Or formri_lly:

. l=.’,,{.t-,._~.-]'=n-ii;-ili.i.'|i,t'sl.—-ifsPoo} iii
ll
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Various graph measures have been proposed in the literature. Ln diis paper we use two
measures of the Farrell type. both varying between zero and unity”. First. the Farrell
graph measure of technical efficiency is defined as:

Fg (x.y)=min l llllsfl. (lit. it." yl E GR} [3]

It looks for the maximal equiproportionate reductioti of all inputs and increase of all
outputs. Finally, the Generalized Farrell graph measure allows the proportional reduction
of all inputs to differ from the proportional increase of all outputs and simply taltes the
average:

_ ItFg (x.y) =min i i tan. nan. rite. it-l y) e GR} E9}

it has been shown that Fj(x,y_} = Fg{x.yJ if and only if the technology satisfies constant
returns to scale. As the FOE-I allows for variable returns to scale the Farrell input and
output measures will generally differ. Also note that Fg{x,y) 2 max [F,{x.y}F,.lx.yj%iid
that Fg(x.y) = 1 if and only ifeithcr F,(x.yfi = l or FE,(x.yji = l. Finally. observe that for
m = n = l. F§‘l_x.y} = Fg(_x,y) and that F_,._Ffx.yl -e F;{x.y) for ll. r-" pt”.

L3. FDH arid e)j‘ici'eticy measures." Corrtpurotfotiol aspects

To illustrate the ease of obtaining efficiency measures relative to art FDH production
technology. we consider in this section the computation of the Farrell input measure of
technical efficiency. The computation ofefficiency measures on FDH normally requires
solving cine mixed integer programming problem for each observation. because the
activity variables (2) in the definition of the production technology are constrained to be
either aero or unity. i-low-ever. this do-es not make its implementation more difficult than
the standard linear programming problems solved in DEA. as it has been shown that a
data classification algorithm based on simple vector dominance reasoning can do thejob
isec. e.g.. Totxssts [t993])l5.

l3. Observe that the Graph and the Geiieralixeti Graph Farrell efficiency measures are radial in the input
and the output sections. but respectively rcctarigular hyperbolic arid hyperbolic tfl the graph sections
isec Fiii=tE.. Gt-tosst-tour. and Lovsti. [19-H5. p. [26] for details].

l-"1. For details on the nelatioris between these efficiency scores: Fans. Gt-tossxoi.=-i=. and Lovett. {I955}.
chapter ti. While on the FDH input output and graph Farrell efficiency measures eliminate slael-is in at
least a single dimension. the genersiiaed graph Farrell efficiency measuie at least eliminates slaclss in
tinpitippt _aitd_one output tlinicnsitin. '

is. ‘the rilgon-.l-ims its‘erase‘sisttssa.'s;ssstm'ss'ts'asssssatt‘sts'ss's"at1'iis'is -is-ss'rs.s..'sa.'
We also selected this data classification algontfim because of its ease of progtarntning and because it
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The procedure operates basically in two steps. (i) Define for each observation [x“',y°ji
to be evaluated an index set DO(x°.y°]» containing the observations which weakly
dominate (x°.y°) in that they produce at least as much of each output with no more of
any input. Or formally:

D@(I"' F’) = l (Ia Pi) l It 51"» F. 3 .‘/“l (191

[iii Calculate the radial efficiency measure in the inputs [Fi{3tv}r'll by applying the
following algorithm:

_.- '\
-.

Fl (Jr. yl = Min Mar .t,_._,__

l-ts 1'.) E 5'3 (lav if) l= to fl ll

where x,[ denotes the 1-th component of the input vector ofobservation i and xfll represents
the same component of the observation t'x“.y“') being evaluated. The first step constructs
the FOE-I boundary and, consequently, provides the classification between efficient and
inefficient observations mentioned earlier. while the second step computes the efficiency
measures relative to this FDH boundary. The element of the index set DO{x“,y“] relative
to which the efficiency measure reaches in minimum is called the most dominating
observation. Note that the most dominating observation may be a different observation
depending on the efficiency measure being used. identifying the most dominating
observations provides useful information concertiing the opportunities available for
improving efficiency.

L4. FDH and ejj'i'cienc_v meosiireriienr.- Advantages and shortcontirtgs

The advantages and disadvantages of the FDH reference technology are summarised
from two perspectives“? First. we evaluate the production technology from the theore-
tical and empirical point of view. Then we discuss its merits and inconveniences from
the managerial viewpoint.

From a theoretical and empirical point of view, the FDH makes very weak assump-
tions regarding the production technology. Apart from FDH. the least restrictive tech-
nology used so far in the noii-parametric approach assumes weal-: disposability instead
of strong disposabillty. But these technologies always assumed convexity”. l'-'urthernio-
re, it can be argued that the assumptions of strong free disposal in inputs and outputs

allows one to generate useful addleiorial infonnaiicn. The program was developed in Turbo Pascal.
ts? " See e.g- Bits i issst. Till'R‘t' and Tiittterts (1939). and especially Tt.n.i~tet~is lls93l.
1?. See Gitossxorr tl93»5. p. 504}. But see Pi:r'i£i-i_sa~.i (1990) who relaxes the assumption of convexity.
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have astrong intuitive appeal since they are closest to the concept ot' technical efficiency
itself. A dominated observation is inefficient due to its eitcessive usage of resources or
due to its lack of outputs compared to another observation, irrespective of formal
conveitity or functional form considerationsif.

in FDH the problem of measuring the technical efficiency of the observed production
units is separated from the issue of representing me boundary of the production possibility
set. Because it is a multidiriiensional stepfunction, dtis reference technology is less useful in
atiswering other questions on, e.g., the determination of factor productivity, of economics of
scale and of scope, etc.l5"'. These problems require focussing on the boundary of the
production possibility set and are difficult to solve without resort to parametric production
or transformation functions. Here the more resn-ictive technologies considered in the
parametric approach may well be indispensable“.

A second advantage of the FDH is its non-parametric nature. it is a general methodo-
logical requirement that the results of theoretical economic analysis should not depend
on specific parametric forms chosen. However, in empirical worlt specific parameu-i:-:a-
tions are often crucial. it is then implicitly postulated that the parametric forms selected
are good appro:-timations for the true functional relationships. This maintained hypothe-
sis is, however, not directly testable. Therefore, it has been argued that both theoretical
and empirical worlt should stay as close as possible to the raw datafl. Furthermore, it
has recently been argued that the non-patatnettic reference technologies and the resulting
efficiency measures are related to the results of the pararnen-ic approach: the former
provide upper bounds to the latteru. ‘ii-litlr respect to both the parametric approaches and
the non-parametric methods that impose conveitiry, the FDH is therefore considered
conservative, as it yields an upper hound to technical efficiency measurement.

Lilte any methodology the FDH has some drawbacl-ts. The most obvious problem is
due to die partial ordering based on the vector dominance reasoning. it implies that the
approach may be sensitive both to the number and distribution ofthc observations in the
data set, and to the number of input and output dimensions considered. Increasing the
sample siae increases the possibility of dominance for any given observation. and
therefore the probability of being denoted inefficient. Also ii rather uniform distribution
of the observations over the dimensions in the data set increases the possibility of
dominance. On the other hand, an increase in the dimensions considered decreases this
possibility. Therefore, one eitpects that incorporating more inputs or outputs into the
analysis increases the probability of efficiency. lvloreover, all deterministic approaches,
which envelop the efficient observations as closely as possible, may be sensitive to

ls. in the case of undesirable outputs the assurnptiori ol' strong free disposal of outputs is disputahle: see
Fries. C=1ti_issr-to PF, l.ovsi.i. a.rid Pwsun an t isssi tor details.

19. A point developed in Tutitervs t l‘.it'9tT.|.
ED. The non-parnioeu-ic approach can sell be useful. vie. as a first step in the estimation of parametric

frontiers- For applications or diis rnethod, see Ti-liar and Tutiteris t t ‘.l’:i'2l and Tut itavs t l '§'§I’2~l.
EL - 5ec.c.g.. l'|lli.-"-.1'i.le'i.i'£~l_'l_l.'E'E"5l:i.__ .__.- ___-___. .__- - -. _ . _ ._ __
I1- See Baatitsn anti iv-"l.=iltv't,rltta.TT,n ll'5l'33‘i.
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efficient outliers {while they may be less sensitive to inefficient outliers}. Notice,
however. dist among the non-parametric deterministic approaches the FDH is least
sensitive to this defect. Each observation potentially only adds a small subset, i.e. an
orthant, to the reconstruction of the production set. Therefore outliers only affecta small
subset of observations.

From a managerial viewpoint, the major advantage of the FDH is that the resulting
efficiency measures are related to an observed production unit. In most other methods
the point of reference is a hypothetical construct. For eitaniple, an observation may be
inefficient with respect to some convert combination ofobseivations in the non-pararne-
tric DEA, or with respect to some fitted value on a postulated frontier in the stochastic
frontier approach. lt may be difficult to convince managers that they are outperformed
by such a hypodietical unit. They can always object that these convert combinations of
observed activities are not feasible. or that they cannot team how to improve from an
unobservable standard ofcomparisoniil. A final advantage is that additional inforrriation
is readily available. For eitample, the set of dominating observations cart provide useful
information in designing stepwise improvements in the direction ofa production unit on
the frontier. The possibilities of the FDH to improve productivity, to reward production
units, etc.. are clear“.

1. r’t.l"~l FiPPLI'l'.L-iTIDl‘\i TU BELG[.i‘t.l'*l l‘-’lUl‘*l'EC[P.!l.LIT1E5

In this section we determine technical efficiency of.all 559 E-elgian municipalities using
the FDH production technology”. The choice of input and output indicators has been
motivated both by the desire to account for the most important local public services
provided, and by the availability of data. Elur basic data set has one input indicator.
defined as total municipal staff, and live output indicators. The latter capture important
aspects of local production in the field of education, transportation, and social and
recreational services. The following outputs were used:

til the surface of municipal roads
til} the number of beneficiaries of minimal subsistence grants
Ifiii] the number of students enrolled in local primary schools
tivl the area of public recreational facilities
{v} a ‘residual’ output defined as total municipal outlays minus the identifiable

outlays on outputs ti), {ii}, {iii} and {iv}.

23. See the remaifi in EPs'rt=.1tt and Hsitoeitsori [I959]. '
it-t. lts use in public sector rtiariagement has been developed in Fame and Tt.1Ll'LEt~tS tlE"i'tt}}.
25. ‘v'a..votttv EEC.tt.iIit.1T and 'l"ut.it.Ei~ts tlsttlbl and veneer Eecioitrr. TULKEHE and I.-uana tl9'93l have

reported results for the Belgian lo-cal authci-ities using FDH. This paper ditTers from their studies on
four accounts. First their sample is restricted to the Walloon region. Second. they use somewhatdilferent

. - _ __ -_ ---input-and oiieput indicators- Third,-their analysis does not consider graph efficiency measures. l'-inatly,
they do not engage in the lcitid of sensitivity res ting reported in Section 3 below.
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Several remarks are in order. First, some justification of the inclusion of the residual
output is warranted. From municipal accounts we verified that the first four output
indicators capture between 3t.l9ti and 'i'59t=~ of municipal outlays. Therefore, the fifth
output attempts to correct for other unobserved outputs. if it were not included, then
municipalities that spend a large fraction of their budget for the production of outputs
not captured by our first four indicators would be incorrectly assigned very low
efficiency scores. The residual output should largely eliminate the possible bias: in the
efficiency ranlting on this account. Second. observe that the available outputs only very
Fnfdflf l_5l1"3‘i'il’ 53" "'19 l-"ldflflltittg services provided by local authorities, and that no
information on capital inputs was available. as a consequence, our study may have ii
limited scope and the results should be interpreted with care.

Table 1: Descriptive statistics: Fa rrell tech nieal effi clen cy in the main data set
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application of the weal: vector dominance analysis on our main data set yields the
summary results reported in Table I15. This offers a crude classification of observations
on or below the FDH boundary. The results indicate that about Sfitfe of the observations
are inefficient. among the efficient observations some so observations are efficient by
default. This preliminary analysis is supplemented by computing the four efficiency
measures outlined above.

iii Flute that in the empirical results we report the reciprocal of rheoutput Farrell et'liciency measure
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The resulting efficiency measures are also reported in Table l. lvtean efficiency varies
between ass and £1.93. it is the lowest for the Farrell input measure and the highest for
the Farrell graph measure. The Farrell input and output measures have the largest
standard deviations and the lowestminimum. The distribution ofthe efficiency measures
covets a wide range {from I123 to ll and is obviously rather slcewed. A histogram of the
frequencies is drawn in Figure 3. Since me non-parametric approach provides upper
bounds for the estimation of efficiency, the mode at l can be interpreted as the discrete
part of a censored distribution. The inefficient observations are most dominated by a
subset of l l ‘iii to 14% ofthe observations. depending on the efficiency indezt used.

although the use of different efficiency measures docs not lead to dramatically
different mean efficiency levels, one may wonder to what eittent they imply different
tanltings for individual observations. Correlation coefficients, once for all observations
and once for the incfticient observations only, are reported in Table 2. The ranlcing
implied by the Farrell input and output measures correlate least. if one considers the
inefficient observations only, the correlation coefficient amounts to I159. The Farrell
generalised graph measure clearly correlates best with the other measures. This is not
entirely surprising, as it is the only measure that taltes account ofdifferences in all inputs
and outputs while at the same time allowing different proportional changes in each of
these two orientations. as it is no more difficult to compute than the other efficiency
measures, it probably deserves more attention in empirical applications.

Table 2: Correlations between Farr ell efficiency measures
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Farrell Farrell
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3. SOME SEl'~lSITT'l/ITY RESULTS

in this section we report the results ofa sensitivity analysis on the Belgian municipalities
ln Section l.4 we indicated the major strengths and weal-tnesses of the FDH. lt was
suggested that the method could be sensitive to the number of inputs and outputs taken
into account, to the sample size, and to the existence of outliers. We investigate these
claims in some detail for our data set below.

First, we test the effect of the sample size by tal-ting random samples of increasing
size from 50 up to 550. For each size we considered five random samples“. In each 5353
we report the average results over these rive samples in Table 3. The results indicate
clearly that increasing the sample size increases not only the absolute. butalso the relative
number of inefficient observations. The process is apparently highly nonlinear. Although

2?. A more satisfactory procedure is to use boocsn-ipping techniques to approximate the sampling
distribution ot' the efficiency measures. This is an obvious direction for future worlc. '
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the differences in the proportion of inefficient observations seem to level off for sample
sizes above -ttltl, there is no indication that further increases in sample size have no impact
on the percentage of inefficient observations. Interestingly, larger sample sizes seem to
have a much less pronounced impact on the absolute number of observations that are
efficient by default, except for the smallest samples. Difierenccs between samples of
Eflfl observations and more are almost negligible.

As expected, increasing the sample size decreases the average efficiency measures
and increases their standard deviation. However, except for the smallest samples, the
differences are trivial. Also. observe that the average Farrell input and output measures
vary most and have larger standard deviations than the graph efficiency measures.
Finally, for all four measures larger sample sizes increase the number ofmost dominating
observations.

Second, to determine the impact of outliers we eliminated the outliers from our main
data set of 5 39 municipalities using a procedure outlined in BELSLEY, KUH and WELSCH
(l9Bll]. The method employed constructs a test statistic based on the leverage value of
each observation l'.:l'l1= x,{X'X)'lx,', i.e. the diagonal element ofX(X'X}"l-t’). In our case
it is alottm + nl dataman-ix with lt observations and (m + n) inputand outputdimensions.
The leverage value determines the importance of the observations in the data space
spanned by all dimensions. Use of the appropriate test statistic resulted in the detection
of 35 outliers, including the 5 largest Belgian cities“. From these outliers 31 were
efficient in the original analysis, and 13 among these were efficient by default.

We rceomputed the four efficiency measures based on the data set obtained after
deleting the 35 outliers. The result of this exercise is also reported in Table 3. Despite
the fact that most of the outliers were efficient, their impact both on the number of
inefficient observations and on the disn-ibution of the efficiency scores is very small.
Dropping the outliers results in a decrease in both the relative number of efficient
observations and most dominating observations. Furthenriore, we observe a marginal
decrease in the average efficiency measure. These aggregate findings obviously do not
necessarily imply the unimportance of correcting for outliers, as the effect on the
efficiency scores of some individual observations may well be substantial.

Third, we tried to illustrate the effects of disaggregation and aggregation, i.e., the
impact of variations in the number ofdimensions. Because ofdata limitations there was
unfortunately no scope at all for increasing the number of inputs and outputs tal-ten into
account in the production analysis. Therefore, this part of the sensitivity analysis
necessarily remains somewhat unsatisfactory. We proceeded as follows. The main data
set has 5 output dimensions and l inputdimension, a total of6 dimensions. Aggregation
was achieved by dropping outputfs] while in each case rccalculating the ‘residual‘ output.
We calculated efficiency measiues for the four combinations to drop one output and for
the six combinations to drop two outputs, while in each of these cases the additional

2t-l. The complete list of outliers is available upon request.
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output was recalculated. To lteep the results tractable we only report in Table 3 the
average results for each level of aggregation. These results suggest. consistent with a
priori expectations, that increasing the number of dimensions decreases the number of
inefficient observations and increases the number of observations efficient by default.
fvlean efficiency scores increase while their standard deviations decrease. It is somewhat
reassuring that the variability in mean efficiency is quite small. despite the large impact
on the fraction ofefficientmunicipalitics. This implies that, if the analysts’ main interest
is in computing average efficiency levels. aggregation may not be too harrnfulff. Of
course, ifone is interested in the precise dis uibuiion ofefficiency scores ever the sample,
this statement will probably be incorrect, as the impact of aggregation on individual
observations may be nonuivial. Observe, furtheririore, that the number of observations
on which efficiency measurement depends. i.e., the set ofmost dominating observations.
does not seem to vary systematically with the number of dimensions.

Finally, we attempted to detect the sensitivity of the results to variable selection-
Including or eitcluding critical variables may be interpreted as providing information on
the importance of possible misspecification. A variation of the eitercise to test for the
effect of aggregation was used to investigate the impact ofcritical variables. ‘whereas in
the case of testing for the impact of aggregation the residual output was systematically
recalculated, in the present esercise the residual output was completely ignored. We
simply varied the number of outputs in the analysis. The base casefor this exercise has
five dimensions: one input and four outputs. We calculated efficiency measures for the
four combinations to drop one output and for the sis combinations to drop two outputs.
These sensitivity results are again presented in Table El and are similar to the results of
the aggregation eitercise. although it is difficult to compare both exercises, it seems that
omitting critical variables leads to a stronger reduction in average efficiency and to
somewhat more variability in the efficiency memures, as is clear from the increased
standard deviation. Thus misspecilication leads to a more serious bias in efficiency than
aggregation. This is as espected: misspecification can have a significant effect on any
estimation procedure. lt is however comforting to ltnow that the FIJI-I reference techno-
logy is not particularly vulnerable to this problem”.

i’_;| s-9. Tir:.t-tarts. Ttnitv and Pattie {F933; found similar indicauotis for the FDI-l reference technology. This is
also analogous to the results in lL‘IEFi reported in Sella:-tto and Tsaatt t lillitfil.

3o. .r-"t.l1E.l'D§iZILlS results in D-Ea are reported in Scieoso and Ti-iaati. t'luEiu};
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-l. 5'l..ll‘vll'v.l..~ii..R't’ r!t.f's"ll'l CONCLUSIONS

The FDH is an alternative deierrniriistic, non-pararneu-ic production technology for the
evaluation of productive efficiency. The purpose of this paper wtu threefold. First, we
calculated various measures of technical efficiency for a data set of 589 Belgian local
governments using the FDH. Second. based on a priori reasoning as well as on the basis
Ufthfi gmpiflgfll results obtained we argued in favour of graph efficiency measurement
instead oflimiting the analysis to either input or output efficiency. Finally, we attempted
to illustrate -— insofar as possible — the strengths and weal-messes of the FDH using our
municipal data set.

First, we presented the methodology for measuring productive efficiency based on
the FDI-I reference technology. Apart from input md output efficiency measures, two
graph efficiency indices were defined and the computation of efficiency measures on the
FDl-I was outlined. The advantages and drawbaclts of the FIJI-f were systematically
discussed. In Section 2 the FDH was used to study the efficiency of local public service
provision by Belgian municipalities. The main conclusions were that the FDH has
considerable advantages relative to alternative methods from the theoretical. empirical
and managerial viewpoints. These have to be u*aded off against some disadvantages.
such as the sensitivity with respect to sample size and the number of inputs and outputs
talcen into account in the analysis. This sensitivity was illustrated in a third section.

Two final conclusions emerge from this paper. First, the FDH offers auseful reference
technology for evaluating technical efficiency. It worl-ts best when all aspects of the
production process can be captured in a limited number ofitiput and output dimensions.
and when a relatively large sample is available. lvloreover. it generates a wealth of
additional information which is usefitl for managerial purposes. For eitample, the set of
dominating observations and the identification of a most dominating observation are
particularly useful. Second, the empirical results provide evidence in favour ofthe use
of graph efficiency measures. Especially the Generalized Farrell Graph measure is a
promising efficiency indeit deserving more attention in future empirical worl-t.
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5 UMMARY

The purpose of this paper is to investigate the sensitivity of a recently proposed
non-paranieiric approach to technical efficiency measurement. Using a data set of
Belgian municipalities. we analyze the sensitivity of the Free Disposal Hull tfFDl-I]
approach with respect to the number of input and output dimensions and with respect to
sample size. and we consider the impact of outliers on efficiency scores. We finally
investigate the effecm of using a variety of alterriative (radial) efficiency measures.

RES UME

Non-e objectif est d'examiner la sensibilite dc l‘approche non parametritiue, dite “Free
Disposal Hull“ CFDI-I]. de la mesure de l'efficacité technique. Nous utilisons pour cela
une base dc donnees des communes belges. Nous considerons la sensibilite de la mesure
defficacite suite it on changeirient du notnbre d"inputs et d'outputs. it une variation de
la taille de lhechantillon ainsi qu‘a la presence de donnees aberrantes. Pour coiiclure.
nous examinons 1‘intluence de ce ehoix en utilisant plusieurs mesures d'efficacite
fratiiale}.

Zl.fSAlv[l\I1]Ef'iFASSUl'*-'Cr

Unset Ziel isl es, die Sensibilitiit einer neuen nieht paranietrischen Methode {Free
Disposal Hull [F-'DHl} zur Messung der technischen Effiriena zu untersuchen. Daze
vervvenden wir eine Datenbanl-t der belgischen Gemeinden und untersuchen dabei das
‘v'erhalten der Effizieniiwerte bei einer Anderung der lnput- und Dutputanralil, einer
Verilnderung der Mustetgrosse sowie bei eirtem Einsatz von abweichenden Dateti
ifoutiiers}. Abschliessend untersuchen wir die Wirkurig beim Einsatz von verscliiedenen
Effizienamessungen.


